In this paper, we study the L 2 least-squares finite element approximations to the Oseen problem for the stationary incompressible Navier-Stokes equations with the velocity boundary condition. The Oseen problem is first recast into the velocity-vorticity-pressure first-order system formulation by introducing the vorticity variable. We then derive some a priori estimates for the first-order system problem and identify the dependence of the estimates on the Reynolds number. Such a priori estimates play the crucial roles in the error analysis for least-squares approximations to the incompressible velocity-vorticity-pressure Oseen problem. It is proved that, with respect to the order of approximation for smooth exact solutions, the L 2 least-squares method exhibits an optimal rate of convergence in the H 1 norm for velocity and a suboptimal rate of convergence in the L 2 norm for vorticity and pressure. Numerical results that confirm this analysis are given. Furthermore, in order to maintain the coercivity and continuity of the homogeneous least-squares functional that are destroyed by large Reynolds numbers, a weighted least-squares energy functional is proposed and analyzed. Numerical experiments in two dimensions are presented, which demonstrate the effectiveness of the weighted least-squares approach. Finally, approximate solutions of the incompressible velocity-vorticity-pressure Navier-Stokes problem with various Reynolds numbers are also given by solving a sequence of Oseen problems arising from a Picardtype iteration scheme. Numerical evidences show that, except for large Reynolds numbers, the convergence rates * Corresponding author. Computational and Applied Mathematics 182 (2005) 211 -232 of the weighted least-squares approximations for the Navier-Stokes problem are similar to that for the Oseen problem.
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Problem formulation
The main purpose of this paper is to analyze the L 2 least-squares finite element approximations to the Oseen problem for the stationary incompressible Navier-Stokes equations with the velocity boundary condition that is recast as a first-order differential system. The analysis also provides some useful information and serves as a basis for the further study of the L 2 least-squares finite element approach to the nonlinear incompressible Navier-Stokes problem.
Let be an open, connected, and bounded domain in R N (N = 2 or 3) with Lipschitz boundary j . The stationary incompressible Navier-Stokes equations with the velocity boundary condition can be posed as the following:
Find u(x) : → R N and p(x) : → R 1 such that
where the symbols , ∇ and ∇· stand for the Laplacian, gradient and divergence operators, respectively; u = (u 1 , . . . , u N ) is the velocity vector; p is the pressure; 1 is the Reynolds number; f = (f 1 , . . . , f N ) : → R N is a given vector function representing the density of body force. All of them are assumed to be nondimensionalized. See [15] [16] [17] for example.
Typically, the solution of the original nonlinear second-order Navier-Stokes problem (1.1) is sometimes approximated by a sequence of linear second-order Stokes problems. Another often more adequate linearization of the Navier-Stokes problem (1.1) is by considering the Oseen problem which is formulated in the following way (see [15] and references contained therein for more details):
where g : → R N is a given bounded vector function satisfying the divergence-free condition, i.e., ∇ · g = 0 in . Indeed, the convection term (g · ∇)u stems from the previous iteration step of a fixed-point method applied to the incompressible Navier-Stokes problem (1.1). For practical purposes, in this paper we only assume that ∇ · g ≈ 0 in (cf. Theorem 3.1 and Remark 3.2 in Section 3).
We introduce some notation that will be useful later. The two-dimensional curl operator ∇× for smooth scalar function v and for smooth 2-component For the uniqueness of solution, in what follows, we always assume that pressure p satisfies the zero mean condition, i.e., p = 0. Over the past decade, least-squares finite element methods have become increasingly popular for the approximate solution of first-order systems of partial differential equations in fluid dynamics. A small sample of the recent literature can be found in [4] . The specific features of the least-squares finite element approach that make it potentially advantageous compared with, e.g., mixed finite element approach [5, 6] , are as follows: it leads to a minimization problem; it is not subject to the Ladyzhenskaya-Babuska-Brezzi condition (cf. [5, 6] ); simple equal low-order finite elements such as the continuous linear elements can be used for the approximation of all unknowns; the resulting linear system is symmetric and positive definite with condition number O(h −2 ), where h denotes some measure of the mesh size; the value of the homogeneous least-squares functional of the approximate solution provides a practical and sharp a posteriori error estimator at no additional cost [17] ; etc.
Both in the mathematics and engineering communities, most existing least-squares finite element methods for the stationary Stokes and Navier-Stokes equations are based on the velocity-vorticity-pressure formulation, see [1] [2] [3] [4] 7, [9] [10] [11] [12] 17] , for example. Some other first-order system formulations by using the velocity-flux or stress variables can also be found in [2, 8, 13, 17, 19] . The attempt to solve incompressible Navier-Stokes equations by using the least-squares approach can be readily achieved by simply including an appropriate form of the nonlinear term into the residual functional for the corresponding first-order Stokes problem, and then one may consider a linearization of the nonlinear term in the momentum equation in some sense. For example, the above velocity-vorticity-pressure Oseen problem (1.4) offers an iterative process for the approximate solution of the corresponding velocity-vorticity-pressure Navier-Stokes problem (see Section 7). Definitely, the treatment of the nonlinearity considerably complicates the mathematical analysis.
The objective of this paper is to investigate the L 2 least-squares finite element approximations to the velocity-vorticity-pressure Oseen problem (1.4). The least-squares energy functional is defined to be the sum of the squared L 2 norms of the residuals in the partial differential equations over an appropriate product space, and the least-squares finite element solution is defined to be the minimizer of the functional over a conforming finite element space. We first derive some a priori estimates for the first-order system problem (1.4), i.e., the coercivity and continuity estimates for the homogeneous least-squares functional. We also identify the dependence of the estimates on the Reynolds number . Such a priori estimates will play the crucial roles in the error analysis for L 2 least-squares approximations. Employing the finite element space of continuous piecewise polynomials of degree r for all unknowns, we prove that with respect to the order of approximation for smooth exact solutions the method exhibits an optimal rate of convergence in the H 1 norm for velocity and a suboptimal rate of convergence in the L 2 norm for vorticity and pressure. Numerical results that confirm this analysis are given.
Since the coercivity and continuity estimates of the homogeneous least-squares functional depend on the Reynolds number , the error estimates may be destroyed by large Reynolds numbers. In order to maintain the coercivity and continuity of the homogeneous least-squares functional, we also propose and analyze a weighted L 2 least-squares method. Numerical experiments in two dimensions are presented, which demonstrate the effectiveness of the weighted least-squares approach.
In the last part of this paper, approximate solutions of the incompressible velocity-vorticity-pressure Navier-Stokes problem are given by solving a sequence of Oseen problems in a Picard-type iteration scheme. We examine this fixed-point iteration scheme by considering two numerical examples, one possesses a smooth exact solution with various Reynolds numbers and the other is a two-dimensional driven cavity flow. Numerical evidences show that, except for large Reynolds numbers, the convergence rates for the Navier-Stokes problem are similar to that for the Oseen problem.
The remainder of this paper is organized as follows. In Section 2, we introduce some notation and present some preliminaries. In Section 3, under a suitable assumption, we derive the a priori estimates for the velocity-vorticity-pressure Oseen problem (1.4), in which we also identify the dependence of the estimates on the Reynolds number. With the aid of such a priori estimates, in Section 4, we provide the error estimates of the L 2 least-squares finite element approximations. In Section 5, we illustrate our analysis by some numerical experiments in two dimensions. In Section 6, a weighted L 2 least-squares approach is proposed and analyzed with numerical examples. Finally, in Section 7, a Picard-type iteration scheme for approximating the solution of the incompressible velocity-vorticity-pressure Navier-Stokes problem is studied numerically.
Notation and preliminaries
We shall use standard notation and definition for the Sobolev space H m ( ) for nonnegative integer m. The standard associated inner product and norm are denoted by (·, ·) m and · m , respectively. As usual, We introduce the following Hilbert spaces with natural norms (cf. [5, 16] ):
H 0 (∇·; ) = {v ∈ H(∇·; ) and v · n| j = 0},
where n and t denote the unit outward normal vector and tangent vector to j , respectively. 
We also have the following Poincaré-Friedrichs-type inequality (cf. 
Combining (2.3) with the usual Poincaré-Friedrichs inequality, we get
Further, we need the following lemma:
where C div > 0 is an absolute constant.
Proof. See Corollary 2.4 and the proof of Lemma 2.2 in [16] or Lemma 9.2.3 in [5] for with smooth boundary j .
In the proof of Theorem 3.1 below we will often use the following -inequality:
for any A, B, ∈ R and > 0. We will be interested in the following three function spaces with respect to the three unknown functions: velocity u, vorticity , and pressure p,
Finally, it is in the position to define the following
Note that the least-squares energy functional F((v, , q); f) is defined to be the sum of the squared L 2 norms of the residuals in the partial differential equations (1.4) on the product function space V × W × Q.
A priori estimates
We now derive some a priori estimates for the first-order system (1.4) and identify the dependence of the estimate on the Reynolds number . The a priori estimates will play the crucial roles in the error estimates of our L 2 least-squares finite element scheme.
1. There exists a positive constant C 1 independent of such that for any v ∈ V, ∈ W, and q ∈ Q, we have
2. Suppose that ∇ · g is sufficiently small in satisfying
then there exists a positive constant C 2 independent of such that
for all v ∈ V, ∈ W, and q ∈ Q.
Proof. The upper bound (3.1) is straightforward from the triangle inequality and -inequality (2.6). We proceed to show the validity of (3.3) by using the techniques similar to that in [14] . By virtue of Green-type formula (2.2), we have
where is a positive constant to be determined later. Applying Green-type formula (2.1) to the first term in F((v, , q); 0), we obtain
. By using -inequality (2.6) and Green-type formula (2.3) with w = v, we get
Since q ∈ L 2 0 ( ), according to Lemma 2.3, we can choose v * ∈ [H 1 0 ( )] N such that ∇ · v * = q in , and v * 1 C div q 0 . Now, let be a positive constant to be determined. By using Green-type formulas (2.1) and (2.2) again, we have
, where, by virtue of -inequality (2.6),
Therefore,
Now combining (3.4), (3.5) with (3.6), we have
Choosing positive parameters , , 1 , 2 , and 3 ,
and combining with assumption (3.2), one can verify that
for some positive constant C which is independent of . Finally, we can choose a sufficiently large > 0 independent of such that
We then have
which combining with Poincaré-Friedrichs-type inequality (2.5) yields the conclusion. This completes the proof of the theorem.
Remark 3.2.
We remark that (3.2) is a quite reasonable assumption because the vector function g in the convection term (g · ∇)u in (1.4) denotes the velocity field u h which stems from the previous iteration step of a fixed-point method applied to the corresponding incompressible velocity-vorticity-pressure Navier-Stokes problem (cf. Section 7). Thus, we have ∇ · g = ∇ · u h = 0 in mathematically. However, from the computational point of view, it is more suitable to assume that ∇ · g ∞ >1.
Error analysis
In this section, we will first focus on the derivation of the L 2 least-squares finite element scheme for the velocity-vorticity-pressure Oseen problem (1.4) and then give the error estimates of the approximate solutions.
We observe that the exact solution (u, , p) ∈ V ×W×Q of problem (1.4) must be the zero minimizer of the functional F on V × W × Q, i.e.,
which is equivalent to
where the continuous bilinear form B(·, ·) and the continuous linear form L(·) are respective defined as follows:
Note that we have the following identity:
Therefore, the a priori estimates (3.1) and (3.3) give continuity and coercivity properties for the bilinear form B(·, ·), respectively. Furthermore, by using (3.1) and (3.3), one can verify that the bilinear form B(·, ·) defines an inner product on the product space V × W × Q. We denote its associated norm | · | by
Now, we define the finite element spaces. Let {T h } be a family of regular triangulations [5] of the domain , where 
Then it is well-known that the finite element spaces V r h , W r h , and Q r h satisfy the following approximation properties:
7)
where C is a positive constant independent of v, , q, and h. With above notation, the L 2 least-squares finite element scheme for problem (1.4) is then defined to be the following problem: 
Furthermore, using the Cauchy-Schwarz inequality and the density argument with the approximation properties (4.7)-(4.9), one can verify that the L 2 least-squares finite element scheme (4.10) is stable and convergent with respect to the | · | norm, hence with respect to the (1/ )( · 1 + · 0 + · 0 ) norm according to estimate (3.3), without requiring any extra smoothness of the exact solution (u, , p) . The proofs of following results are similar to that in [12] . We omit the details. 
The L 2 least-squares finite element scheme (4.10) is convergent in the following sense: We are now in the position to give the error estimates of the L 2 least-squares finite element solution (u h , h , p h ). 
Theorem 4.3. Suppose assumption (3.2) holds. Let (u, , p) ∈ (V × W × Q) ∩ [H r+1 ( )] 3N −2 denote the exact solution of problem (1.4). Then we have the following error estimates:
u − u h 1 + − h 0 + p − p h 0 C h r ( u r+1 + r+1 + p r+1 ),(4.) ∈ V r h × W r h × Q r h , | (u − u h , − h , p − p h ) | 2 = B((u − u h , − h , p − p h ), (u − u h , − h , p − p h )) = B((u − u h , − h , p − p h ), (u − v h , − h , p − q h )) | (u − u h , − h , p − p h ) | × | (u − v h , − h , p − q h ) |.
Therefore, according to Theorem 3.1, for all
Now, the approximation properties (4.7)-(4.9) yield the conclusion. This completes the proof.
In spite of the dependence on the Reynolds number , the error estimates (4.13) indicate that, with respect to the order r of approximation for smooth exact solutions, the L 2 least-squares method exhibits an optimal rate of convergence in the H 1 norm for velocity u and a suboptimal rate of convergence in the L 2 norm for vorticity and pressure p.
Numerical examples for the Oseen problem
We take for our domain the unit square =(0, 1)×(0, 1) and choose a model problem with the following smooth exact solution which is also discussed for the velocity-vorticity-pressure Stokes problem in [12] :
Substituting the above exact solution with g = (1, 1) t into the velocity-vorticity-pressure Oseen problem (1.4), we can readily get the right-hand side data functions
+ (2y − 20 3 x + 1). To simplify the numerical implementation, we shall assume that the square domain is uniformly partitioned into a set of 1/h 2 square subdomains h k with side-length h. For simplicity, we also set p h (0, 0)=0, instead of (p h , 1) 0 =0, in the approximations to ensure the uniqueness of solution. Piecewise bilinear finite elements are used to approximate all components of the exact solution. In other words, we should have the error estimate (4.13) with r = 1. Notice that condition (3.2) is always fulfilled because ∇ · g = 0 in . Now, we consider examples with various Reynolds numbers: = 1, 10, 100. A double precision conjugate gradient solver is applied to solve the linear system associated with the L 2 least-squares finite element Table 2 Reynolds number = 10 Table 3 Reynolds number = 100 Taking a glance at Tables 1 and 2 , one can find that the computational results confirm the theoretical error estimate (4.13) with r = 1. However, with a closer inspection of the numerical results recorded in Table 3 , it is interesting to point out that the orders of convergence for all unknowns deteriorate when the Reynolds number becomes larger. Notice that the a priori estimates (3.1) and (3.3) depend on the Reynolds number , and consequently the error estimates (4.13) also depend on . Thus, a probable cause for the low order of convergence is that the continuity and coercivity properties, i.e., (3.1) and (3.3) , of the homogeneous least-squares functional F ((v, , q) ; 0) are destroyed by the large Reynolds number . Hence, the positive definiteness property of the symmetric matrix M is declined, but the condition number of M is rapidly increased (see Theorem 4.2 (3)).
We conclude that trying to reduce the dependence of the a priori estimates (3.1) and (3.3) on the Reynolds number should be a major concern when applying the least-squares finite element approach to the Oseen and Navier-Stokes problems.
A weighted L 2 least-squares approach
The above-mentioned drawback caused by large Reynolds number may be alleviated via a weighted least-squares approach. An observation on the velocity-vorticity-pressure Oseen problem (1.4) suggests a simple idea as follows. First, we re-scale the velocity-vorticity-pressure Oseen system (1.4) as
least-squares energy functional has become the following weighted form:
over the product space V × W × Q. Now, the theory developed in Sections 3 and 4 can be directly applied to this weighted least-squares functional F with a minor modification as follows.
1. There exists a positive constant C 3 independent of such that for any v ∈ V, ∈ W, and q ∈ Q, we have
4)
then there exists a positive constant C 4 independent of such that
Proof. The proof is similar to that of Theorem 3.1. We give a sketch here. The upper bound (6.3) is straightforward. By Lemmas 2.1, 2.3 and the -inequality (2.6), we obtain
where , , 1 , 2 , and 3 are any positive constants. Combining (6.6)-(6.8) with Lemma 2.2, we have
Now, choosing positive parameters , , 1 , 2 , and 3 ,
and combining with assumption (6.4), one can verify that
which combining with Poincaré-Friedrichs-type inequality (2.5) completes the proof of the theorem.
Now, similar to that in Section 4, a weighted L 2 least-squares finite element scheme for problem (1.4) is then defined to be the following problem: 
Next, applying the standard finite element analysis, one can establish the following results: 
The weighted L 2 least-squares finite element scheme (6.9) is convergent in the following sense: 
where C is a positive constant independent of and h.
Though the error estimates (6.12) still depend on the Reynolds number , comparing with (4.13) for the nonweighted method (4.10), one can find that the weighted method appears to be much better. Computational results recorded in Tables 4-6 confirm our theoretical analysis and demonstrate the effectiveness of the weighted L 2 least-squares approach.
We conclude this section with a brief remark. Comparing the right-hand sides in (3.1) and (3.3), (6.3) and (6.5), we find that the norms for and q are quite different. This induces nonoptimal (with respect to the regularity of the exact solution) error estimates for the least-squares finite element approximations. However, this drawback can be circumvented by using the techniques of [H −1 , L 2 , L 2 ] first-order system least squares (cf. [7, 18] ). Table 6 Weighted method for Reynolds number = 1000 
A fixed-point iteration scheme for the Navier-Stokes problem
In this section, we will study a simple Picard type of iteration scheme for solving the following velocity-vorticity-pressure Navier-Stokes problem by using the weighted L 2 least-squares approach:
As the first step towards studying least-squares finite element approximations to the Navier-Stokes problem, the weighted L 2 least-squares approach to the Oseen problem (1.4) provides an iterative procedure as the follows. Given an initial approximation (u (0) h , (0) h , p (0) h ), we then attempt to seek approxi-
2) Table 7 The Navier-Stokes problem with Reynolds number = 1 
over the product space V×W×Q. In general, the initial guess (u
h , p
h ) is chosen to be the weighted L 2 least-squares finite element solution to the corresponding Stokes problem. For each iteration, it involves an incompressible velocity-vorticity-pressure Oseen problem which has been analyzed previously in this paper.
We conjecture that the iterative procedure (7.2) is a globally convergent iteration scheme, although its convergence rate may be slow. In the remainder of this paper, we will provide some numerical results for the velocity-vorticity-pressure Navier-Stokes problem (7.1) by using the iteration scheme (7.2). We consider two examples with various Reynolds numbers. From the first example which possesses a smooth exact solution, one can find that, except for large Reynolds numbers, the convergence rates of the weighted L 2 least-squares approximations for the Navier-Stokes problem (7.1) are similar to that for the Oseen problem (1.4). Example 7.1. We take domain = (0, 1) × (0, 1) and choose a model problem with the same smooth exact solution as that in Section 5. We also use the uniform mesh with piecewise bilinear finite elements (r = 1) to approximate all components of the exact solution. The numerical results for various Reynolds numbers are recorded in Tables 7-10 . In all computations, we take the Stokes solution as the initial guess, and the stopping criterion is the 2 -norm of the approximate relative error is less than 10 −7 . In general, the approximate solution can be achieved within 10 iterations. Example 7.2. The fixed-point iteration scheme (7.2) is also tested by solving a two-dimensional driven cavity flow (f = 0) with = 100 in the domain = (0, 1) × (0, 1). In this calculation, uniform mesh with h = 1 100 and piecewise bilinear finite elements are used. The no slip boundary condition, u 1 = u 2 = 0, is applied on all boundaries except at the upper boundary where u 1 = 1 and u 2 = 0. For the uniqueness of solution, a pressure condition p = 0 is specified at the middle point of the lower boundary. Notice that at the left and right upper corners are singularities generated by the discontinuity in the velocity boundary condition at these points. Table 9 The Navier-Stokes problem with Reynolds number = 100 Figs. 1 and 2 show the computed results of velocity fields, vorticity contours, and pressure contours. The stopping criterion is the same as that in Example 7.1. The approximate solution is obtained at 10th iteration. We note that the two corner eddies are clearly shown.
